Abstract. We study the commutativity of two Toeplitz operators whose symbols are quasihomogeneous functions. We give a relationship between this commutativity and the roots (or powers) of the Toeplitz operators. We use this to characterize Toeplitz operators with symbols in L ∞ (D) which commute with Toeplitz operators whose symbols are of the form e ipθ r m .
Introduction
Let D denote the open unit disk in the complex plane C, and let dA denote normalized Lebesgue area measure. The Bergman space, denoted by L The question to be studied in this paper is: When do two Toeplitz operators T φ and T ψ commute? In 1964, Brown and Halmos [4] solved this problem for the analogously defined Toeplitz operators on the Hardy space. They showed that T φ T ψ = T ψ T φ for some φ and ψ ∈ L ∞ (T), where T is the unit circle of C, if and only if either (a) φ and ψ are both analytic, or (b)φ andψ are both analytic, or (c) one of the two symbols is a linear function of the other. We recall that a function in L ∞ (T) is said to be analytic if all of its Fourier coefficients with negative indices are equal to 0.
The same question concerning Toeplitz operators on the Bergman space has a much more complicated answer. There are however some results which resemble those of [4] . In fact, Axler andCucković proved in [2] that the condition that one of (a), (b) or (c) be true is still necessary and sufficient when the two symbols φ and ψ are bounded harmonic functions on D. Moreover, with Rao [3] , they proved that if φ is a bounded analytic function and if ψ is a bounded symbol such that T φ and T ψ commute, then ψ must be analytic too. When we consider arbitrary symbols, things are different. In [5] Cucković and Rao used the Mellin transform to study the commutativity of multiplication of two Toeplitz operators T φ and T ψ on the Bergman space and describe those operators which commute with T e ipθ r m for (m, p) ∈ N×N. In this paper we use our results from [7] to interpret and extend the results of [5] . We give some solutions in the case where the Toeplitz operators have symbols which are "quasihomogeneous" functions and show that these solutions are related to "p th roots" and powers of the Toeplitz operators. As in [7] we say that a bounded symbol f is quasihomogeneous of degree k if it is of the form e ikθ φ where φ is a radial function. In this case we say that the Toeplitz operator T f is quasihomogeneous of degree k.
Preliminaries
The
It is easy to see that ψ is a bounded holomorphic function on the half-plane Π = {z : z > 2}. We denote the Mellin convolution of two functions φ and ψ by φ * M ψ and we define it by the equation
It is clear that the Mellin transform converts Mellin convolution into a pointwise product, i.e., that
We shall often use the following classical theorem (see [8, p. 102] 
Then f vanishes identically on {z : z > 0}.
Remark 2. We shall often apply this theorem to show that if ψ ∈ L 1 ([0, 1], rdr) and if there exist n 0 ∈ Z + , p ∈ N such that ψ(n 0 + pk) = 0 for all k ∈ N, then ψ(z) = 0 for all z ∈ {z : z > 2} and so ψ = 0.
Powers of Toeplitz operators
The following lemma determines the values of powers of a bounded quasihomogeneous Toeplitz operator evaluated at any element of the orthonormal basis of L Proof. The lemma is a consequence of the following direct calculation. We write
and interchange the integral over [0, 2π] and the sum to see that
The lemma is proved by applying T e isθ ψ to ξ k n times.
We have the following decomposition of
where R is the space of functions on [0, 1] that are square integrable with respect to the measure rdr.
and so the functions f k are bounded in the disk. In [7] we proved the following results, which we will use in the proof of our main theorem.
Proposition 4. Let φ be a nonzero bounded radial function, let p be a positive integer and let
then f k must be equal to zero. c) If there exists k ∈ Z + and a bounded radial function f k such that
then f k is unique up to a constant factor. In particular f 0 is a constant.
and T f commutes with T e ipθ φ , then each f k is uniquely determined up to multiplication by a constant and is equal to 0 for k < 0.
Next we present two technical but easy results which permit us to prove Propositions 7 and 9, the principal results of this section.
Remark 5. Let (a l ) l∈N and (b l ) l∈N be two nonvanishing sequences and p and s two positive integers such that
Then if (2) together to see that, if (2) is true, then
Notation. Let S and T be two functions (resp. two operators). We will say that S ≡ T if there exists a constant c = 0 such that S = cT .
Lemma 6. Let F and G be two nonzero bounded holomorphic functions on the half plane
Proof. Suppose that (3) is true. Then, if (as above) we multiply the k equations obtained by taking z n = z + np for n = 0, ..., k − 1, we have
This contradicts the hypothesis of the lemma. Thus k∈E c (
Now, equation (4) implies that
So, applying Theorem 1 to the function F − cG, where c = 
Then equation (5) shows that a k+s b k = b k+p a k for all k ∈ Z + , and so Remark 5 implies that Then equation (7) is equivalent to
Now, applying Theorem 1, in the form of Remark 2, implies that
Finally, using Lemma 6, we obtain that
for all z ∈ Π, and Lemma 3 completes the proof. Proof. For all k ∈ Z + , let
Suppose that
We will prove that
We prove (9) by induction on k. If we take k = 0 in equation (8) Now, assume (9) is true for knps. We show it is true for (k + 1)nps. We set k equal to knps in the left-hand side of (8) and, using equation (1) and Remark 2, we complete the proof.
Remark 10. In [7] (Proposition 6) we prove that if p > 0 and φ is a nonzero bounded radial function and if there exists a bounded radial function ψ such that T ψ commutes with T e ipθ φ , then ψ must be a constant. Here is another proof of this proposition. In fact, using Proposition 7, we have T ψ p ≡ I, so Proposition 9 implies that T ψ ≡ I, and so, that ψ ≡ since I is the Toeplitz operator of symbol .
Main result
Let p be a positive integer. We start this section with the definition of the T-p th root of a quasihomogeneous Toeplitz operator of degree p or −p. This new notion plays an important role in the remainder of the paper.
Definition 11. Let φ be a nonzero bounded radial function and p be a positive integer. We say that the Toeplitz operator T e ipθ φ has a T-p th root T e iθ ψ if and only if there exists a nonzero bounded radial function ψ such that
Remark 12.
i) The T-p th root of a quasihomogeneous Toeplitz operator is unique. In fact, suppose that T e ipθ φ has two T-p th roots T e iθ ψ and T e iθ ψ .
Then 
is such that
Proof. Assertion a) of Proposition 4 implies that if equation (10) is true, then
Thus i) is a direct consequence of assertion b) of Proposition 4. Now, to prove ii), let k be a positive integer such that T e iθ ψ k is a Toeplitz operator. Then T e iθ ψ k is a quasihomogeneous Toeplitz operator of degree k which commutes with T e ipθ φ . So, if f k is not identically equal to zero, then f k is a bounded nonzero radial function such that T e ikθ f k commutes with T e ipθ φ . Thus, assertion c)
Finally, let k be a positive integer such that T e iθ ψ k is not a Toeplitz operator and suppose that there exists a nonzero bounded radial function f k such that T e ikθ f k commutes with T e ipθ φ . Then Proposition 7 implies that
Thus T e ikθ f k p ≡ T e iθ ψ kp and Proposition 9 implies that T e ikθ f k ≡ T e iθ ψ k , which contradicts our hypothesis. This proves iii).
Before starting with corollaries, we state an interesting theorem which follows from [5] and give an idea of its proof. In fact we will apply this theorem to see that if p is any positive integer and m is any nonnegative integer, then the Toeplitz operator T e ipθ r m always has a T-p th root. Let ψ be the radial function defined by
Cucković and Rao prove, using a long rather technical calculation, that ψ is bounded. Here, we will show that ψ satisfies (11). To do this, we need only verify that for k ∈ Z + 2k + 2p + 2 2k + m + p + 2 r s ψ(2k + 2p + 2) = 2k + 2s + 2 2k + m + p + 2s + 2 r s ψ(2k + 2).
By (1), we have r s ψ(2k + 2) = f (2k + 2) g(2k + 2). A simple substitution t = r 
. Now, using the identity Γ(1 + z) = zΓ(z) repeatedly, we have
, which is a proper fraction in z and can be written as
. In [4] , Brown and Halmos studied multiplicativity of Toeplitz operators on the Hardy space and showed that the product of two Toeplitz operators T f and T g is equal to a third Toeplitz operator T h for some f, g and h in L ∞ (T) if and only if f is conjugate analytic or g is analytic, that is, hardly ever. The question of when the product of two Toeplitz operators on the Bergman space is equal to a third is much more complicated and still open. Most work on this question shows that it is not often true that the product of two Toeplitz operators is a Toeplitz operator (see [1] and [6] Thus T e ikθ φ p = T e iθ ψ kp since T e iθ ψ is the T-p th root of T e ipθ r m , and so Proposition 9 finishes the proof.
It is easily seen that if f is a bounded analytic function on D, then T f is just a multiplication operator. Thus for any integer k ≥ 1, it is clear that T f k is a Toeplitz operator of symbol f k . By taking adjoints, we can see that the powers of a Toeplitz operator with conjugate analytic symbol are also Toeplitz operators. These are the trivial cases. The next corollary says there are nontrivial symbols f such that T f k is always a Toeplitz operator for all integers k ≥ 1. 
